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ABSTRACT
While high stellar obliquities observed in exoplanetary systems may be attributed to processes that
tilt the planetary orbits, it is also possible that they reflect misalignments between protoplanetary disks
and stellar spins. This latter hypothesis predicts the presence of co-planar multi-planetary systems
misaligned with their central stars. Here we re-evaluate the evidence of such an architecture that has
been claimed for the KOI-89 system. KOI-89 is an early-type star with one validated transiting planet
KOI-89.01/Kepler-462b (period 84.7 days, radius 3.0R⊕) and one transiting planet candidate KOI-
89.02 (period 207.6 days, radius 4.0R⊕), where the latter exhibits transit timing variations (TTVs).
A previous modeling of the stellar gravity-darkening effect in the transit light curves inferred a high
stellar obliquity of ≈ 70◦. We perform a photodynamical modeling of the Kepler transit light curves,
and use the resulting constraints on the orbital configuration and transit times to update the gravity-
darkened transit model. As a result, we find no firm evidence for gravity darkening effect in the transit
shapes and conclude that stellar obliquity is not constrained by the data. Given evidence for low
orbital eccentricities from the dynamical analysis, the system architecture can thus be consistent with
many other multi-transiting systems with flat, near-circular orbits aligned with the stellar spin. We
find that the TTVs imparted on its neighbor imply that KOI-89.01 has a mass & 20M⊕. This would
render it one of the densest known sub-Neptunes, mostly composed of a solid core. Lower masses are
possible if the TTVs are instead due to an unseen third planet.
1. INTRODUCTION
The approximate alignment between the Sun’s rota-
tion and the orbital motion of our Solar System’s plan-
ets appears to be a natural consequence of planet for-
mation in a protoplanetary disk. Yet, measurements of
stellar obliquities in transiting explanetary systems have
revealed that this is not always the case. Stellar obliq-
uities have been constrained in more than 100 systems1,
and large stellar obliquities have been reported not only
for hot Jupiters (e.g., He´brard et al. 2008) but also for
planets smaller than about Neptune (e.g., Winn et al.
2010b; Bourrier et al. 2018; Kamiaka et al. 2019; Kuno-
vac Hodzˇic´ et al. 2020)
It remains an open question whether the planets are
to blame or not for those misalignments. They may orig-
Corresponding author: Kento Masuda
kmasuda@ess.sci.osaka-u.ac.jp
∗ NASA Sagan Fellow
1 A summary can be found in TEPCAT (https://www.astro.keele.
ac.uk/jkt/tepcat/tepcat.html; Southworth 2011).
inate from post-formation perturbations due to planet-
planet scattering (Rasio & Ford 1996; Weidenschilling &
Marzari 1996; Chatterjee et al. 2008; Juric´ & Tremaine
2008) or secular interactions with a stellar/planetary
companion (Mazeh et al. 1997; Holman et al. 1997; Fab-
rycky & Tremaine 2007; Naoz et al. 2011). If this is
the case, stellar obliquities would serve as a probe of
dynamical evolution of planetary orbits.
Alternatively, high stellar obliquities may simply re-
flect primordial misalignments between stellar equa-
tors and their surrounding protoplanetary disks: disks
may be born misaligned with their host stars due to
chaotic accretion of angular momentum expected from
a turbulent molecular cloud (Bate et al. 2010; Field-
ing et al. 2015; Takaishi et al. 2020), or disks may be
tilted after the formation due to (combined effects of)
torques from an exterior stellar companion and gravi-
tational/magnetic star–disk interactions (Batygin 2012;
Batygin & Adams 2013; Spalding & Batygin 2014; Lai
2014; Spalding & Batygin 2015; Zanazzi & Lai 2018).
Alternatively, a massive star’s surface rotation might be
reoriented after disk/planet formation due to angular
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momentum transport via internal gravity waves (Rogers
et al. 2012).
To test this latter possibility, two complementary
methods have been pursued. First, one can search for
misalignments between stars and their protoplanetary
disks. Because stars fully embedded in their protoplane-
tary disks cannot be observed, such measurements have
been performed for resolved debris disks as proxies of
the original protoplanetary disks (Watson et al. 2011;
Greaves et al. 2014), and for protoplanetary disks in the
late phase of evolution (Davies 2019). While the ma-
jority of theses disks appear to be star-aligned (Watson
et al. 2011; Greaves et al. 2014), some candidates for mis-
aligned systems have also been presented (Davies 2019).
A possibly confounding factor is that the inner disk re-
gions more relevant to the observed exoplanet popula-
tion could be aligned, even though the resolved outer
regions are misaligned.
The second possibility, which we focus on in this
paper, is to use nearly coplanar multi-planet systems,
whose orbits appear to have remained intact after for-
mation. Obliquities have been measured for a dozen of
stars with multiple transiting planets to date (Sanchis-
Ojeda et al. 2012; Hirano et al. 2012; Albrecht et al.
2013; Chaplin et al. 2013; Huber et al. 2013; Sanchis-
Ojeda et al. 2015; Ahlers et al. 2015; Wang et al. 2018;
Zhou et al. 2018; Dalal et al. 2019; Hirano et al. 2020;
Mann et al. 2020). These multi-transiting systems most
likely (though not always; Mills & Fabrycky 2017) have
aligned orbital planes that trace the initial protoplane-
tary disk.
While most of these measurements are consistent with
low (. 10◦) stellar obliquity, three of these systems,
Kepler-56 (Huber et al. 2013), KOI-89 (Ahlers et al.
2015), and HD 3167 (Dalal et al. 2019) have strong
claimed misalignments. If the planets in these systems
trace their natal disk, they are smoking guns for an
obliquity excitation process independent of orbital evo-
lution.
However, the Kepler-56 planets may not trace the
original plane of the protoplanetary disk. There is in
fact a third massive (& 5.5MJup) planet on an au-scale,
eccentric orbit (Otor et al. 2016) exterior to the two
transiting planets. Follow-up studies have shown that
gravitational interactions with the outer planet could
have tilted the inner orbits out of alignment with the
host star while preserving their mutual coplanarity, ow-
ing to the tight gravitational coupling between the inner
transiting planets (Li et al. 2014; Lai & Pu 2017; Gra-
tia & Fabrycky 2017; Huang et al. 2017). Dalal et al.
(2019) argued that the same could well be the case for
HD 3167 too: they reported a possible signature of an
outer companion in the radial velocity data, and showed
that the hypothetical companion is physically capable of
generating a high stellar obliquity while maintaining the
co-planarity of the inner system.2
That leaves KOI-89 as the best candidate for misalign-
ments unrelated to orbital evolution, including primor-
dial star–disk misalignment. Even if undetected com-
panions existed in the system, the transiting planets are
more widely separated than in the above systems and
are thus less likely to maintain co-planarity under plau-
sible external perturbations. In this light, it is particu-
larly important to evaluate the evidence for the claimed
high obliquity of KOI-89, and/or to search for potential
signature of mutual orbital misalignment.
The high (≈ 70◦) stellar obliquity of KOI-89 was
inferred (Ahlers et al. 2015) by modeling the gravity-
darkening effect (von Zeipel 1924) in transit light curves
(Barnes 2009). However, the solution involved a large
(& 0.5) orbital eccentricity for KOI-89.02 that may make
its orbit cross with the inner one, suggesting that there is
something missing in the modeling. A wrong inference
for the eccentricity could also bias the transit impact
parameters and hence the obliquity measurement. In
addition, KOI-89.02 exhibits strong transit timing vari-
ations (TTVs) that can further complicate the analysis
of the transit shape.
In this paper, we revisit the geometric architecture of
the KOI-89 system, in particular the constraint on stel-
lar obliquity, by fully exploiting the information from
transit shapes and TTVs. In Section 2, we character-
ize the host star combining archival photometry, spec-
troscopy, and astrometry data. Given the large num-
ber of additional parameters required to model transits
across a potentially tilted, gravity-darkened star, we be-
gin with a photodynamical analysis ignoring the effect
of rapid stellar rotation (Section 3). We then fold in
the resulting constraints on the orbital configuration to
evaluate the evidence for a non-zero stellar obliquity in
Section 4. From these analyses, we find that the stel-
lar obliquity is not well constrained and that the archi-
tecture of the system can in fact be consistent with a
flat, near-circular geometry as inferred for most other
multi-transiting systems. Section 5 puts this updated
measurement into context, and discusses the potentially
interesting physical nature of the planets inferred from
our photodynamical modeling.
2 Although these explanations require that the outer giant has a
misaligned orbit relative to the inner planets, there has been ac-
cumulating observational evidence that such misaligned systems
exist (Masuda et al. 2020; Xuan & Wyatt 2020; De Rosa et al.
2020; Damasso et al. 2020).
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Figure 1. KOI-89 planets are among the longest-period, smallest transiting planets with mass constraints, especially around
single host stars more massive than the sun. The colored circles are radii and orbital periods of planets with mass constraints
from the NASA exoplanet archive, where planets without reported uncertainties and those from direct imaging observations are
not shown. Planets orbiting two stars are marked with outer gray circles.
2. STELLAR PARAMETERS
We characterized the host star KOI-89 by compar-
ing stellar evolutionary models (Dotter 2016; Choi et al.
2016) computed with Modules for Experiments in Stellar
Astrophysics (MESA; Paxton et al. 2011, 2013, 2015) to
the atmospheric parameters from spectroscopy, the ap-
parent K-band magnitude, and the distance from Gaia
Data Release 2 (Gaia Collaboration et al. 2018). We
used the isochrones package by Morton (2015) to ob-
tain posterior samples for the stellar parameters. The
same procedure was adopted in Dai et al. (2018) and
was validated using a sample of stars characterized with
asteroseismology. The results are summarized in Table
1. The host star KOI-89 is an early-type main-sequence
star.
The atmospheric parameters were adopted from the
analysis of Large Sky Area Multi-Object Fiber Spec-
troscopic Telescope (LAMOST; Cui et al. 2012; Luo
et al. 2015) spectra by Frasca et al. (2016): Teff =
7580 ± 300 K, log g = 3.88 ± 0.3, [Fe/H] = 0.13 ± 0.2,
where the uncertainties are based on the externally es-
timated accuracies of the pipeline (Frasca et al. 2016).
The K-magnitudes were taken from the Two Micron All
Sky Survey (2MASS; Skrutskie et al. 2006). We used
the dust map and extinction vector from Bayestar17
(Green et al. 2018) to correct for extinction in the K-
band, assuming a 30% fractional uncertainty (Fulton &
Petigura 2018). The distance is based on Bailer-Jones
et al. (2018) rather than the inverse of the parallax.
The derived mass and radius are consistent with those
in the version 8 of the TESS Input Catalog (TIC; Stas-
sun et al. 2019): M? = 1.8 ± 0.3M and R? = 1.62 ±
0.06R. On the other hand, our radius (as well as that
in TIC) is slightly smaller than 1.74+0.08−0.06R by Berger
et al. (2018), essentially because they adopted a lower
effective temperature than we did (Teff = 6688± 134 K,
log g = 4.059 ± 0.150, [Fe/H] = −0.210 ± 0.150),
which originates from the Kepler Input Catalog DR 25
(Mathur et al. 2017). The value was originally derived
in Rowe et al. (2014) using the specmatch algorithm
on the Keck HIRES spectrum (Petigura et al. 2013).
However, this lower temperature is not supported by
the empirical color–temperature relation from Boyajian
et al. (2013), which gives Teff ≈ 7000 K for V − J ,
V − H, V − K even without correcting for extinction;
the true color of the star should be bluer, and so the
true temperature should be higher. We also reduced
the archival Keck HIRES spectrum3 using the CERES
pipeline (Brahm et al. 2017a) and derived stellar atmo-
3 Downloaded from the Keck observatory archive. https://koa.
ipac.caltech.edu/cgi-bin/KOA/nph-KOAlogin
4 Masuda and Tamayo
Table 1. Parameters of the Host Star KOI-89/Kepler-462.
Parameter Value
effective temperature (K) 7500± 300
log surface gravity (cgs) 4.22± 0.04
metallicity (dex) 0.05± 0.11
distance (pc) 598± 11
mass M? (M) 1.59± 0.08
radius R? (R) 1.62± 0.04
mean density ρ? (g cm
−3) 0.53± 0.06
log10 age (yr) 8.7± 0.4
projected rotation velocity v sin i? (km s
−1) 80± 3
2MASS Ks-magnitude 10.85± 0.02
spheric parameters applying the ZASPE (Brahm et al.
2017b) code, in which we extended the default temper-
ature range using a synthetic spectrum library based on
the PHOENIX model atmospheres (Husser et al. 2013).
We found Teff = 7200 ± 340 K, [Fe/H] = −0.04 ± 0.18,
and v sin i = 80 ± 3 km/s when we imposed the con-
straint log g = 4.14± 0.1 which is in between the values
from Rowe et al. (2014) and Frasca et al. (2016), and is
also consistent with the TIC value. Thus we conclude
that Teff ≈ 7500 K we adopted is reasonable. The cause
of the discrepancy in the Rowe et al. (2014) measure-
ment using the same Keck spectrum remains unclear,
but this might be because specmatch was not designed
for early-type, rapidly rotating stars.
3. PHOTODYNAMICAL MODELING
Here we model the Kepler transit light curves of
KOI-89.01/Kepler-462b and KOI-89.02 taking into ac-
count their gravitational interactions, and constrain
their masses, radii, orbital eccentricities, and orbital in-
clinations. The analysis establishes the planetary sta-
tus of KOI-89.02, and shows that the orbits of the two
planets are nearly circular and well-aligned. We also
check how much the results can change if the TTVs of
KOI-89.02 are caused by an outer, undetected planet.
Because the analysis here essentially focuses on tran-
sit times and durations, we ignore the stellar oblateness
and gravity darkening assuming that their effects on the
relevant parameters are minor. We will check the con-
sistency of this assumption later in Section 4.
3.1. The Data and Detrending
We analyzed the long-cadence, Pre-search Data Con-
ditioning (PDC) light curves downloaded from the
Mikulski Archive for Space Telescopes.4 The transits
of each planet were fitted iteratively as described in
Masuda (2015), using the analytic light curve model
for the quadratic limb-darkening law (Mandel & Agol
2002) as implemented in batman (Kreidberg 2015), mul-
tiplied by a quadratic polynomial function of time that
accounts for longer-term trends. We fit both transit
times and mid-durations letting impact parameters to
vary for each transit, and the fitted transit times were
used to stack transits without binning; then the stacked
transits were fitted to update transit-shape parameters
for the next iteration. After 10 iterations, the light curve
around each transit was divided by the best-fit polyno-
mial. We use these normalized and detrended transit
light curves for photodynamical modeling. An overlap-
ping transit around BJDTDB = 2454833 + 912.7 was
omitted from this analysis, but was later used for a con-
sistency check.
3.2. The Model
We fit osculating Jacobi elements defined at
BJDTBD = 2454833 + 149 and mass ratios for each
planet, as well as quadratic limb-darkening coefficients
(as parameterized in Kipping 2013) and mean density of
the star.5 We used TTVFast (Deck et al. 2014) to com-
pute model mid-transit time, sky-plane velocity, and im-
pact parameter during each transit of each planet. They
were used to calculate planet locations on the stellar sur-
face assuming a linear function of time,6 and the loca-
tions, along with planet-to-star radius ratios and limb-
darkening coefficients, were used to calculate the relative
flux losses. We again adopted the Mandel & Agol (2002)
model for a quadratically limb-darkened star, as imple-
mented in batman (Kreidberg 2015), and computed the
long-cadence fluxes m with a supersampling factor of
11. The residuals between the data f and the transit
model m were modeled as a Gaussian process whose co-
variance matrix consists of a Mate´rn-3/2 covariance and
a white-noise term. Thus the log-likelihood of the model
lnL is
lnL = −1
2
(f −m)TK−1(f −m)− 1
2
ln detK + const.,
(1)
4 https://archive.stsci.edu
5 Because the light-curve model alone does not constrain masses
and lengths separately, we fix the stellar mass to be 1M and fit
only the density of the star as well as ratios of masses and radii
of the star and planets without loss of generality.
6 Ignoring the change in the sky-projected velocity during transits
has a negligible effect for such long-period planets.
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where
Kij = (σ
2
i +σ
2
jit)δij+α
2
(
1 +
|ti − tj |
3ρ
)
exp
(
−|ti − tj |
3ρ
)
.
(2)
Here ti and σi are the time and PDC flux error of the ith
data point, respectively. This likelihood was evaluated
using celerite (Foreman-Mackey et al. 2017).
We assumed a Gaussian prior for the mean stel-
lar density with a central value of 0.53 g cm−3 and a
width of 0.06 g cm−3 based on the results in Section 2.
For the other parameters, we adopted uniform or log-
uniform priors on the parameters as specified in Ta-
ble 2. The posterior samples were obtained using the
nested-sampling algorithm MultiNest (Feroz & Hobson
2008; Feroz et al. 2009, 2013) and its python interface
PyMultiNest (Buchner et al. 2014). We typically used
4000 live points and a sampling efficiency of 0.8, and
kept updating the live points until an evidence toler-
ance of 0.5 is achieved. We allowed for the detection of
multiple posterior modes.
3.3. Results: Two-planet Model
As the simplest possible explanation, we first adopt a
two-planet model. We first fit the data assuming log-
uniform priors for the planet-to-star mass ratios m1/M?
and m2/M?, and a truncated uniform prior e1 < 0.8
and e2 < 0.45 for the orbital eccentricities, where the
subscripts 1 and 2 denote KOI-89.01 and KOI-89.02, re-
spectively. These prior limits on e1 and e2 ensure that
the orbits of the two planets do not cross, i.e., the pe-
riastron distance of the outer orbit is larger than the
apastron distance of the inner orbit. Crossing orbital
configurations lead to rapid instabilities and are thus
short-lived.
Figures 2 and 3 compare the posterior models with the
data for KOI-89.01 and KOI-89.02, respectively. The
constraints on the parameters are summarized in Table
2. Here the mass and radius ratios and stellar density
derived from the dynamical modeling were converted
into physical masses and radii by sampling the stellar
mass from a Gaussian with the central value 1.59M
and width 0.08M (Section 2). In Figure 4, mid-transit
times and durations computed for posterior samples of
the model parameters are compared with the values
measured by fitting individual transits (see Section A.2).
This comparison is to illustrate that the variations in
transit times and durations are well captured in our
photodynamical modeling, in which we model the whole
transit light curves as shown in Figures 2 and 3. We note
that the transit times and durations derived by fitting
the simultaneous transits of the two planets (shown as
diamonds in this figure), which were not included in the
photodynamical modeling, are in reasonable agreement
with the posterior predictions conditioned on the other
transits. This serves as a sanity check of the modeling.
We checked for long-term stability of our solution by
integrating orbital configurations randomly drawn from
our posterior samples. The integrations were performed
using the IAS15 integrator (Rein & Spiegel 2015) as im-
plemented in the REBOUND package (Rein & Liu 2012).
The stepsize is automatically controlled to maintain nu-
merical errors near machine precision. All the solutions
turned out to be dynamically stable at least for 107 in-
ner orbits (i.e., 2.3 Myr) and no sign of instability was
found.
From this analysis, we found lower and upper limits
on the masses of KOI-89.01 and KOI-89.02, respectively.
The former comes from strong TTVs of KOI-89.02 (see
top-right panel of Figure 4), and the latter is due to the
weak, if any, TTVs of KOI-89.01 (top-left panel of Fig-
ure 4). The orbital eccentricities are constrained to be
low, mainly by the TTV signals and partly by a combi-
nation of the transit shape and prior constraint on the
mean stellar density.
The orbital misalignment in the sky plane (Ω1 in Table
2, approximately equivalent to the mutual inclination
given that both planets transit) is found to be small
from the lack of significant transit duration variations
(TDVs), which would otherwise be induced through the
nodal orbital precession caused by the planets’ mutual
gravitational interactions (Miralda-Escude´ 2002). We
note that the high (∼ 0.9) impact parameter of KOI-
89.02 makes its transit duration particularly sensitive to
the perturbations perpendicular to its orbit, and that
a weak variation is apparent in Figure 4 even for our
solution with a small mutual inclination. See Appendix
B for more detailed discussion on this mutual inclination
constraint.
The weak constraints on mass ratios from this analy-
sis hint that the result can be sensitive to the adopted
prior. Thus, we repeated the analysis with uniform pri-
ors on mass ratios whose ranges were selected to be
[0, 200]M⊕/M and [0, 50]M⊕/M for KOI-89.01 and
KOI-89.02 respectively, based on the above result and
the radii (≈ 3R⊕) of the planets. The range of Ω1 was
also narrowed down to [−30◦, 30◦] to speed up the con-
vergence. The results are summarized in the right part
of Table 2. As expected, the marginal posteriors for the
mass ratios changed slightly, although we again recover
firm lower and upper mass limits for KOI-89.01 and
KOI-89.02 respectively. Additionally, the solution still
points to near-circular, well-aligned orbits. We adopt
this latter result assuming uniform priors on the mass
ratios as the canonical one.
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We note that the above solution is consistent with a
previous dynamical analysis performed by Ahlers et al.
(2015). Although their modeling of the light curve shape
favored e2 & 0.5, they found that such solutions are not
dynamically stable for 108 yr or longer. Instead, they
found that the system can be long-term stable if e2 .
0.35 and the orbits are co-planar. Here we presented a
solution that satisfies this requirement and also explains
the transit shapes and TTVs. We will show in Section
4 that this remains the case even if we take into account
the possible effect of rapid stellar rotation on the transit
shapes.
3.3.1. Dynamically Unstable Solutions Involving Large
Eccentricities and Mutual Orbital Misalignment
The transit duration of KOI-89.02 (≈ 7 hr) is rather
short given its orbital period of 208 days. In the analy-
sis above, we find that this is well explained by a high
impact parameter of the planet. On the other hand,
the short transit duration alone is also compatible with
a low impact parameter transit happening around the
periastron of a highly eccentric orbit, as shown in Ap-
pendix A.1, and this was indeed the class of solutions
favored by Ahlers et al. (2015). Such a solution might
have been missed due to the too restrictive prior we im-
posed (i.e., e1 < 0.8 and e2 < 0.45). This motivated
us to search for solutions where the eccentricity of KOI-
89.02 is high. To cover the solution we did not explore,
we repeated the photodynamical analysis choosing the
prior e1 ∼ U(0, 0.9) and e2 ∼ U(0.45, 0.9). The priors on
the other parameters were chosen to be the same, and
log-uniform priors on the mass ratios were adopted.
From this analysis we found two solutions (i.e., two
distinct posterior modes) implying e2 ∼ 0.8 and highly
inclined (∼ 120◦) prograde and retrograde orbits. These
solutions equally well match the observed light curves as
the low-eccentricity solution, with the difference in the
maximum log likelihood being less than unity.
However, these solutions would be short-lived: the
same calculations as performed above show that 90
out of 100 randomly sampled systems become unstable
within 107 inner orbits, and nine of the remaining 10 so-
lutions exhibit > 1% variations in the inner semi-major
axis at the end of the integration, hinting that the orbits
would become unstable on longer timescales. Thus we
conclude that these solutions are strongly disfavored in
light of the ∼ Gyr age of the host star.
3.4. Results: Three-planet Model
In Section 3.3, we showed that the two-planet model
well explains the transit light curves of the two planets
including TTVs. This is the simplest model given the
current data, and there is no strong need to add another
planet. Nevertheless, here we explore three-planet mod-
els motivated by an unusually large mass (& 20M⊕) es-
timated for the inner KOI-89.01 given its size (≈ 3R⊕),
as we will discuss in more detail later (Section 5.2). This
is a solid lower limit imposed by the large TTVs exhib-
ited by KOI-89.02, whose orbit is not particularly close
to that of KOI-89.01, nor to any low-order mean-motion
resonances with it.
Here we fixed log10(m1/M?) = 0.77 based on the Chen
& Kipping (2017) mass–radius relation as a “reasonable”
value for m1, and searched for solutions where the third
planet (instead of KOI-89.01) may explain the TTVs
of KOI-89.02. Here we assume that the three planets
have mostly aligned orbits by fixing the longitudes of
ascending nodes to be the same value and cos i3 to be
zero, in the spirit of searching for solutions more typical
of Kepler multi-planet systems.
Even under this simplification, given the sparse TTV
data and the several new degrees of freedom introduced
by the third planet, we expect that the solution will be
complicated and multimodal. We therefore divided the
prior range for P3 into 24 equally-spaced log-intervals
between 1.05P2 and 4P2, obtained posterior samples
separately using the same MultiNest fitting, and com-
bined them by weighing the evidence value for each in-
terval. Mathematically, the normalized “partial” prior
for the ith bin pi(P3) (i.e., log-flat in the ith bin and
zero otherwise) and the “full” normalized prior are re-
lated by p(P3) =
∑
i pi(P3)/N with N being the number
of P3 bins. Therefore,
p(θ, P3|d) = 1
N
∑
i
p(d|θ, P3)
p(d)
p(θ) pi(P3)
=
1
N
∑
i
pi(d)
p(d)
pi(θ, P3|d), (3)
where θ is the set of parameters other than P3,
pi(θ, P3|d) is the posterior conditioned on the partial
prior p(θ)pi(P3), and pi(d) is the corresponding evi-
dence. Although the reliability of this “combined” pos-
terior sample may be limited due to the limited accuracy
of evidence evaluation, we believe that the sample is suf-
ficient for our current purpose to capture the plausible
range of three-planet solutions.
We find that the three-planet model can explain the
data equally well as the two-planet model. The max-
imum likelihood value is slightly higher, but not high
enough to favor the three-planet hypothesis over the
two-planet one, considering the increased model com-
plexity (e.g., in terms of the Bayesian information cri-
terion). The constraints for the selected parameters are
summarized in Table 3, although we note that m3 and
P3 have multimodal marginal posteriors and the statis-
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Figure 2. Transit light curves and posterior models for KOI-89.01. The blue filled circles show the observed flux values, and
the orange lines show the maximum likelihood model with its standard deviation (shaded region).
Figure 3. Transit light curves and posterior models for KOI-89.02. The blue filled circles show the observed flux values, and
the orange lines show the maximum likelihood model with its standard deviation (shaded region).
tics here do not fully capture the complex nature of the
solutions. We found significantly non-zero m3, which is
consistent with our inference in the two-planet model
that “normal” values of m1 are insufficient to explain
the strong TTVs of KOI-89.02. On the other hand, we
found relatively well-constrained posteriors for the pa-
rameters of the inner two planets, including the mass
of KOI-89.02 and eccentricities of both KOI-89.01 and
KOI-89.02. In this model two planets both have 10–
20M⊕ (for M? = 1.59M) and low eccentricities.
3.5. Conclusions
The findings from our photodynamical analysis are
summarized as follows.
• Significant TTVs of KOI-89.02 suggest either an
unusually large mass (& 20M⊕) for KOI-89.01
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Figure 4. Transit times and durations measured by fitting individual transits (gray filled circles with error bars) and posterior
models (blue open circles connected with lines). Note that these data are merely meant for illustration; we directly modeled the
whole transit light curves (shown in Figure 2 and 3). Left — KOI-89.01, Right — KOI-89.02.
given its radius, or the presence of an undetected
third planet.
• In both of the two-planet and three-planet models,
the mass of KOI-89.02 is in the planetary range,
and the orbits of KOI-89.01 and KOI-89.02 have
low eccentricities.7 In the two-planet model, a low
mutual inclination is also required by the data.
The above analysis also demonstrates an advantage of
full photodynamical modeling over a two-step approach
in which the TTVs and TDVs are derived first and then
fitted with a dynamical model. The latter approach usu-
ally employs additional constraint on the mean impact
parameter or the in-transit velocity (i.e., combination of
the mean stellar density, eccentricity, and argument of
periastron) derived from the transit shape, to solve the
degeneracy between eccentricities and inclinations (e.g.,
Sanchis-Ojeda et al. 2012). This works well if the impact
parameter is well constrained, but for KOI-89.02 the ec-
centricity and impact parameter are strongly degenerate
as shown explicitly in Appendix A.1. In such a case, the
result of the dynamical fit can depend sensitively on how
those constraints from transit shapes are incorporated,
and the issue could become more serious if the corre-
late noise in the light curve (which we modeled here)
significantly affects those constraints. For example, if
one adopts the mean (≈ 0.6) of the marginal posterior
of the KOI-89.02’s transit impact parameter (Appendix
A.1) and fits TTVs and TDVs, the modeling may er-
roneously favor high-eccentricity and mutually inclined
7 The conclusion should remain unchanged even if the TTVs of
KOI-89.02 is caused by a third planet in between KOI-89.01 and
KOI-89.02, in which case there is even smaller room for solutions
involving larger masses and eccentricities.
solutions as we explored in Section 3.3.1. For KOI-89,
we were able to exclude these solutions based on stabil-
ity argument in any case, but that may not always be
possible. See also Dawson (2020) for an in-depth study
of related issues.
4. ANALYSIS OF GRAVITY-DARKENED
TRANSIT LIGHT CURVES
The star KOI-89 has a high projected rotation veloc-
ity v sin i? of ≈ 80 km/s (Section 2). The rapid rotation
results in the distorted stellar surface as well as associ-
ated inhomogeneity in the surface brightness distribu-
tion, the effect known as gravity darkening (von Zeipel
1924). The non-axisymmetric surface brightness distri-
bution induced by the gravity darkening causes distor-
tion of the transit light curve in such a way that de-
pends on the stellar obliquity (Barnes 2009). Ahlers
et al. (2015) argued that the transit of KOI-89.02 does
exhibit gravity-darkening distortions and concluded that
the star’s spin axis is tilted by ≈ 70◦ from the orbital
axes of the planets. The analysis used the stacked and
binned transit light curves of the two planets, which
involved a correction for the significant TTVs of KOI-
89.02 and an inference of the unknown orbital eccen-
tricity. We now revisit this analysis with our own TTV
corrections and the associated prior knowledge on the
eccentricities.
We analyze the stacked, long-cadence transit light
curves of the two planets simultaneously. Given the sig-
nificant TTVs of KOI-89.02, the stacking was performed
by shifting each transit so that its central time becomes
zero using the transit times derived by fitting each tran-
sit in Section 3.1. We did not correct for possible du-
ration variations, which we did not detect significantly.
Unlike in Ahlers et al. (2015), we chose not to bin the
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Table 2. Parameters of the KOI-89 System from Photodynamical Modeling.
log-flat prior on mass ratios flat prior on mass ratios
MAP & 68% HDI 95% HDI MAP & 68% HDI 95% HDI prior
(host star)
mean density ρ? (g cm
−3) 0.50+0.06−0.06 [0.40, 0.61] 0.56
+0.07
−0.07 [0.44, 0.68] N (0.53, 0.06)
limb-darkening coefficient (u1 + u2)
2 0.20+0.08−0.06 [0.09, 0.37] 0.22
+0.08
−0.07 [0.10, 0.40] U(0, 1)
limb-darkening coefficient u1/2(u1 + u2) 0.3
+0.2
−0.2 [0.0, 0.7] 0.3
+0.2
−0.2 [0.0, 0.7] U(0, 1)
radius R? (R) 1.63+0.07−0.06 [1.52, 1.78] 1.57
+0.08
−0.06 [1.47, 1.73] · · ·
(KOI-89.01)
mass ratio m1/M? (M⊕/M) 17.2+14.7−4.9 [10.1, 52.4] 35.7
+64.2
−16.5 [16.4, 174.2] Ulog(0.5, 100) / U(0, 200)
orbital period P1 (days) 84.6873
+0.0003
−0.0005 [84.6861, 84.6878] 84.6866
+0.0007
−0.0010 [84.6845, 84.6877] U(84.58, 84.78)
eccentricity e1 0.12
+0.05
−0.03 [0.07, 0.21] 0.042
+0.046
−0.008 [0.031, 0.152] U(0, 0.8) / U(0, 0.4)
argument of periastron ω1 (deg) 57.0
+7.9
−7.9 [42.2, 78.2] 51.9
+7.1
−11.3 [32.1, 66.1] U(−180, 180)
impact parameter b1 (R?) 0.1
+0.1
−0.2 [−0.3, 0.3] −0.31+0.57−0.06 [−0.47, 0.44] U(−1, 1)
longitude of ascending node Ω1 (deg) −3.9+2.8−5.2 [−16.1, 1.3] −1.2+1.1−2.0 [−8.5, 0.7] U(−180, 180) / U(−40, 40)
time of inferior conjunction tc,1 150.574
+0.002
−0.002 [150.571, 150.577] 150.573
+0.002
−0.002 [150.569, 150.577] U(150.47, 150.67)
radius ratio r1/R? 0.0175
+0.0001
−0.0002 [0.0172, 0.0178] 0.0175
+0.0002
−0.0002 [0.0172, 0.0179] Ulog(0.001, 0.1)
mass m1 (M⊕) 27.9+23.3−8.2 [15.7, 83.6] 53.9
+104.6
−23.8 [26.4, 278.6] · · ·
radius r1 (R⊕) 3.1+0.1−0.1 [2.9, 3.4] 3.0
+0.2
−0.1 [2.8, 3.3] · · ·
mean density ρ1 (g cm
−3) 4.3+4.9−1.4 [2.3, 16.9] 9.3
+22.3
−4.6 [3.6, 57.2] · · ·
(KOI-89.02)
mass ratio m2/M? (M⊕/M) 0.5004+1.6845−0.0004 [0.5000, 5.7624] 4.3
+6.3
−3.5 [0.0, 18.3] Ulog(0.5, 100) / U(0, 100)
orbital period P2 (days) 207.620
+0.008
−0.008 [207.605, 207.635] 207.62
+0.03
−0.01 [207.61, 207.69] Ulog(207.38, 207.78)
eccentricity e2 0.24
+0.02
−0.06 [0.14, 0.29] 0.11
+0.05
−0.02 [0.09, 0.23] U(0, 0.45)
argument of periastron ω2 (deg) 12.8
+4.5
−7.6 [−3.3, 21.4] 14.9+3.2−3.2 [7.3, 21.5] U(−180, 180)
impact parameter b2 (R?) 0.896
+0.010
−0.008 [0.881, 0.914] 0.890
+0.011
−0.008 [0.874, 0.910] U(0, 1)
time of inferior conjunction tc,2 289.863
+0.008
−0.005 [289.854, 289.881] 289.87
+0.03
−0.01 [289.86, 289.94] U(289.66, 290.06)
radius ratio r2/R? 0.0232
+0.0004
−0.0003 [0.0226, 0.0239] 0.0232
+0.0004
−0.0003 [0.0225, 0.0239] Ulog(0.001, 0.1)
mass m2 (M⊕) 1.1+2.4−0.3 [0.7, 9.2] 6.0
+10.8
−4.9 [0.0, 29.3] · · ·
radius r2 (R⊕) 4.1+0.2−0.2 [3.8, 4.6] 4.0
+0.2
−0.2 [3.7, 4.4] · · ·
mean density ρ2 (g cm
−3) 0.08+0.18−0.03 [0.05, 0.77] 0.4
+1.1
−0.3 [0.0, 2.6] · · ·
mutual orbital inclination i12 (deg) 3.8
+4.1
−3.2 [0.3, 15.4] 1.1
+2.0
−0.7 [0.1, 7.9] · · ·
(noise model)
lnσjit −10.7+0.1−0.2 [−11.1,−10.5] −10.7+0.1−0.2 [−11.2,−10.4] U(−13,−7)
lnα −10.9+0.1−0.1 [−11.2,−10.6] −10.9+0.1−0.2 [−11.2,−10.6] U(−13,−7)
ln ρ (days) −2.6+0.3−0.3 [−3.3,−2.1] −2.6+0.3−0.4 [−3.4,−2.1] U(−5, 1)
Note—Values listed here report the maximum a posteriori (MAP) and 68%/95% highest density intervals (HDIs) of the
marginal posteriors. Values without specified priors are the parameters that were not fitted directly, and are derived assuming
a Gaussian distributed M? = 1.59 ± 0.08M when necessary. Longitude of the ascending node of KOI-89.02 is fixed to be
zero, and arguments of the periastron are referred to the sky plane. Priors — N (µ, σ) means the gaussian PDF centered on µ
and width σ; U(a, b) is the uniform PDF between a and b; Ulog(a, b) is the log-uniform PDF between a and b. Dots indicate
the parameters that were not directly sampled but were derived from the samples of the “fitted” parameters.
stacked light curves, because binning the long-cadence
light curve may introduce additional shape distortion
that is difficult to model and because the number of
data points is small due to the long orbital period.
We modeled the gravity-darkened transit light curve
as described in Masuda (2015), which is based on the
formulation in Barnes (2009). The model involves the
following parameters: mass, mean density, spin inclina-
tion measured from the line of sight i?, projected rota-
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Table 3. Masses and eccentricities from the three-planet photo-
dynamical model.
68% HDI 95% HDI prior
m1/M? (M⊕/M?) 5.89 fixed
m2/M? (M⊕/M?) [7.6, 14.7] [5.6, 20.3] U(0, 50)
m3/M? (M⊕/M?) [43, 93] [10, 94] U(0, 100)
e1 [0.04, 0.12] [0.03, 0.19] U(0, 0.4)
e2 [0.00, 0.02] [0.00, 0.06] U(0, 0.4)
e3 [0.01, 0.05] [0.00, 0.10] U(0, 0.4)
P3 (days) [478, 548] [351, 739] Ulog(218, 830)
m2 (M⊕) [12.2, 23.6] [8.8, 32.5] · · ·
m3 (M⊕) [65, 149] [15, 152] · · ·
Note—Values listed here report the 68%/95% highest density
intervals (HDIs) of the marginal posteriors derived using the
method described in Section 3.4. Note that marginal posteriors
for the mass and period of the third planet are multimodal and
these parameters are poorly constrained. The physical masses are
derived assuming a Gaussian distributed M? = 1.59 ± 0.08M
when necessary. Priors — N (µ, σ) means the gaussian PDF cen-
tered on µ and width σ; U(a, b) is the uniform PDF between a
and b; Ulog(a, b) is the log-uniform PDF between a and b. Dots
indicate the parameters that were not directly sampled but were
derived from the samples of the “fitted” parameters.
tion velocity, effective temperature at the pole, gravity-
darkening exponent, limb-darkening coefficients for the
star; and time of inferior conjunction, orbital period,
eccentricity, argument of periastron, impact parameter,
ratio of the planet radius to the stellar equatorial ra-
dius, and sky-projected obliquity λ for each of the plan-
ets. Here the stellar effective temperature was fixed to
be 7540 K, and the limb-darkening coefficients were pa-
rameterized as in Kipping (2013) and treated as free
parameters. Following Ahlers et al. (2020), the gravity
darkening coefficient was chosen to be a deterministic
function of the stellar oblateness (which in our model
depends on the mass, mean density, projected rotation
velocity, and inclination of the star) using the theoreti-
cal calculation in Espinosa Lara & Rieutord (2011); al-
though the resulting values turned out to be fairly close
to the standard value of 0.25 because the stellar oblate-
ness was found to be O(1%). We modeled the noise as a
Gaussian process with the same Mate´rn-3/2 kernel and
the white-noise term as in Equation 2, and marginalized
over the noise parameters.
We fit the two transit light curves simultaneously, and
obtained posterior samples of the model parameters us-
ing MultiNest (Feroz & Hobson 2008; Feroz et al. 2009,
2013) and its python interface PyMultiNest (Buchner
et al. 2014). We assumed separable, uniform or log-
uniform priors for the model parameters (see Table 4)
except for the following parameters. The prior for the
mean density was chosen to be a Gaussian with mean
0.53 g cm−3 and dispersion 0.06 g cm−3. For projected
rotation velocity, we assumed a Gaussian with mean
85 km/s and dispersion 5 km/s. The choice is motivated
by our derived value of v sin i? = 80 ± 3 km/s and the
value of 90 km/s, which was adopted in Ahlers et al.
(2015) based on the data from the Kepler Community
Follow-up Observing Program. The prior on the eccen-
tricities and arguments of periastron of the two planets
was defined by the kernel density estimation of the joint
posterior samples for the four parameters from the pho-
todynamical modeling in Section 3. We did so both us-
ing the results from the two-planet model (Section 3.3)
and the three-planet model (Section 3.4) and performed
separate analyses.
Figure 5 shows the stacked light curves with the poste-
rior samples for the model light curves. Table 4 summa-
rizes the constraints from marginal posteriors. Figure
6 (top) shows a corner plot for the posterior samples
of obliquity-related parameters, and Figure 6 (bottom)
shows the marginal posterior distributions for the stellar
obliquity relative to the orbits of the two planets. These
results show that stellar obliquity is poorly constrained,
both for the priors based on the two-planet and three-
planet photodynamical models. This essentially means
that the gravity darkening effect is not significantly de-
tected in the light curves: in our solutions, gravity dark-
ening causes O(1%) change in the flux loss, which trans-
lates into ∼ 5 × 10−6 in terms of the relative flux even
for KOI-89.02 with the transit depth of 5× 10−4. This
is much smaller than the observed noise level as seen,
for example, in the bottom panels of Figure 5.
We also find that planet-to-star radius ratios and tran-
sit impact parameters from the gravity-darkened model
agree with those from photodynamical modeling within
2–3σ. This agreement is satisfactory given that the pho-
todynamical model ignores O(1%) distortion of the star:
although we did not detect the gravity darkening ef-
fect on the surface brightness distribution significantly
as discussed above, the model still incorporates geomet-
ric distortion (oblateness) of the star that does affect
the estimated impact parameter and radius ratio. This
systematic error is much smaller than the precision of
the physical parameters of the system (including planet
mass and radius) which is limited by the precision of
the stellar mass determination. Thus the photodynam-
ical modeling in Section 3 without taking into account
gravity darkening is justified.
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Table 4. Parameters from the Gravity-darkened Fit to the Stacked Transit Light Curves.
prior from two-planet model prior from three-planet model
MAP & 68% HDI 95% HDI MAP & 68% HDI 95% HDI prior
(stellar parameters)
limb-darkening coefficient (u1 + u2)
2 0.27+0.08−0.08 [0.13, 0.43] 0.26
+0.08
−0.06 [0.14, 0.42] U(0, 1)
limb-darkening coefficient u1/2(u1 + u2) 0.3
+0.1
−0.2 [0.0, 0.6] 0.3
+0.2
−0.1 [0.0, 0.5] U(0, 1)
mean density ρ? (g cm
−3) 0.60+0.04−0.04 [0.51, 0.67] 0.59
+0.04
−0.04 [0.52, 0.67] N (0.53, 0.06)
mass M? (M) 1.6+0.1−0.1 [1.4, 1.8] 1.59
+0.09
−0.09 [1.39, 1.79] N (1.59, 0.08)
projected rotation velocity v sin i? (km s
−1) 84.4+6.2−6.0 [71.4, 96.4] 83.9
+5.7
−5.6 [72.3, 95.7] N (85, 5)
cosine of spin inclination cos i? −0.6+1.1−0.1 [−0.8, 0.8] −0.6+0.5−0.2 [−0.8, 0.7] U(−1, 1)
rotation period Prot? (days) 0.8
+0.1
−0.1 [0.5, 1.0] 0.8
+0.1
−0.1 [0.6, 1.0] · · ·
(KOI-89.01)
time of inferior conjunction t0(days) 0.000
+0.001
−0.001 [−0.002, 0.003] 0.0004+0.0010−0.0009 [−0.0014, 0.0024] U(−0.01, 0.01)
planet-to-star radius ratio r/R? 0.0172
+0.0001
−0.0002 [0.0170, 0.0176] 0.0172
+0.0001
−0.0002 [0.0169, 0.0175] Ulog(0.005, 0.05)
eccentricity e 0.05+0.03−0.01 [0.03, 0.12] 0.09
+0.04
−0.03 [0.04, 0.19] photodynamical
argument of periastron ω (deg) 49.8+6.6−8.8 [34.8, 63.2] 154.9
+13.6
−21.6 [88.0, 178.1] modeling
impact parameter b (R?) −0.14+0.31−0.07 [−0.29, 0.29] −0.07+0.23−0.06 [−0.24, 0.25] U(−1, 1)
sky-projected obliquity λ (deg) 78.5+51.4−172.6 [−151.3, 160.1] 75.3+85.4−56.9 [−136.7, 160.6] U(−180, 180)
(KOI-89.02)
time of inferior conjunction t0 (days) 0.004
+0.001
−0.005 [−0.005, 0.006] 0.003+0.002−0.004 [−0.005, 0.006] U(−0.01, 0.01)
planet-to-star radius ratio r/R? 0.0232
+0.0003
−0.0004 [0.0223, 0.0238] 0.0233
+0.0003
−0.0004 [0.0225, 0.0239] Ulog(0.005, 0.05)
eccentricity e 0.12+0.03−0.02 [0.09, 0.19] 0.03
+0.02
−0.02 [0.00, 0.07] photodynamical
argument of periastron ω (deg) 15.1+2.7−2.6 [9.5, 20.4] 99.5
+69.5
−76.1 [−153.3, 179.9] modeling
impact parameter b (R?) 0.869
+0.007
−0.006 [0.858, 0.883] 0.878
+0.009
−0.009 [0.859, 0.894] U(0, 1)
sky-projected obliquity λ (deg) 111.0+68.5−171.8 [−163.7, 178.7] 111.7+68.2−131.9 [−155.2, 178.8] U(−180, 180)
(noise parameters)
lnσjit −10.51+0.07−0.09 [−10.68,−10.36] −10.51+0.06−0.09 [−10.68,−10.37] U(−13,−7)
lnα −12.3+0.5−0.5 [−13.0,−11.5] −12.1+0.4−0.5 [−13.0,−11.5] U(−13,−7)
ln ρ (days) −4.5+1.7−0.5 [−5.0,−1.0] −4.2+1.2−0.8 [−5.0,−1.6] U(−5, 1)
Note—Values listed here report the maximum a posteriori (MAP) and 68%/95% highest density intervals (HDIs) of the marginal
posteriors. Priors — N (µ, σ) means the gaussian PDF centered on µ and width σ; U(a, b) is the uniform PDF between a and
b; Ulog(a, b) is the log-uniform PDF between a and b. Dots indicate the parameters that were not directly sampled but were
derived from the samples of the “fitted” parameters.
4.1. Possible Origins of the Difference with Previous
Work
The inference of a large stellar obliquity in Ahlers et al.
(2015) was largely based on an apparently V-shaped
transit light curve for KOI-89.02 (their Figure 4), which
was argued not to be well fit by a high impact parame-
ter transit. This lead them to obtain a solution involv-
ing a rapidly rotating, nearly pole-on star. Indeed, the
pole-to-equator flux contrast induced by strong gravity
darkening can make transits V-shaped, and a pole-on
configuration was also required to explain the observed
v sin i?. The solution also involved a moderate impact
parameter so that the planet can travel across the re-
gions on the stellar surface with significantly different
surface brightness; this in turn led to a large eccentric-
ity to explain the short observed transit duration.
The crux of the disagreement is therefore that we do
not find the stacked transit light curve of KOI-89.02
to be V-shaped (Figure 5, bottom). The origin of the
difference of the derived transit shapes is unclear, but
possible explanations include incorrect TTV corrections
and distortion due to the binning of the light curve. Our
stacked light curve, as well as individual transits of KOI-
89.02, are well modeled by a high-impact parameter or-
bit and obviate the need for a large stellar obliquity. In
addition, we found that a large orbital eccentricity as
required in the previous solution results in rapid orbital
instability (as was also pointed out in Ahlers et al. 2015)
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Figure 5. Modeling of the stacked transit light curves of
KOI-89.01 (top) and KOI-89.02 (bottom). Blue dots show
all the long-cadence data points. Gray solid lines are the
gravity-darkened models computed for 20 parameter sets
drawn from the posterior. The top panels show the flux data
and model relative to one. The bottom panels show them af-
ter subtracting the maximum-likelihood transit model.
and is not favored from a dynamical point of view (see
Section 3).
5. SUMMARY AND DISCUSSION
We performed a photodynamical analysis and tran-
sit shape modeling of the KOI-89/Kepler-462 system
to constrain the masses and orbits of the two transit-
ing planets (including the transiting KOI-89.02, which
was previously classified as a candidate) and the spin
of the host star. This is one of few multi-transiting
systems confirmed around hot stars, for which Doppler
masses are difficult to obtain. Our modeling of the
transit light curves including mutual gravitational in-
teractions indicate that the orbits of the two transiting
planets have low eccentricities and a low mutual incli-
nation. The modeling shows that the masses of both
KOI-89.01/Kepler-462b and KOI-89.02 must be plan-
etary, thus confirming KOI-89.02 to be a new planet
(Kepler-462c). The large TTVs of KOI-89.02 suggest
that either KOI-89.01/Kepler-462b is unusually massive
given its size, or that there is a third planet that has
Figure 6. Top — Corner plot for the obliquity related pa-
rameters from the gravity-darkened fit. Here the prior from
two-planet photodynamical model is adopted. Bottom —
Marginal posterior distributions for the cosine of the stellar
obliquity with respect to the orbits of KOI-89.01 (solid) and
KOI-89.02 (dashed). Thicker lines are the results based on
the eccentricity prior from the two-planet photodynamical
model (Section 3.3) and thinner lines are based on the prior
from the three-planet model (Section 3.4).
evaded transit detection but is significantly perturbing
the orbit of KOI-89.02.
We also modeled the transit light curve of the two
planets taking into account possible effects of gravity
darkening of the rapidly rotating host star. We did not
detect the signature of gravity darkening clearly, and
concluded that stellar obliquity is not well constrained,
as opposed to a previous claim. Below we discuss impli-
cations of those results.
5.1. Large Stellar Obliquity: Nature or Nurture?
We focused on the KOI-89 system because it is one of
three multi-transiting systems with claimed significant
Geometry of the KOI-89 System 13
spin–orbit misalignments. Such systems might imply
that the inner regions of planetary systems are occa-
sionally misaligned with the stellar spin, for reasons un-
related to dynamical evolution of planetary orbits (e.g.,
misaligned disk). As discussed in Section 1, the large
stellar obliquity in the other two systems, Kepler-56 and
HD 3167, could plausibly be explained by dynamical
evolution of the planetary orbits after formation. This
left KOI-89 as the best known candidate for an obliq-
uity excitation mechanism that does not alter planeatry
orbits.
Our reanalysis of the KOI-89 data shows that there
is no evidence for a high stellar obliquity as previously
claimed by Ahlers et al. (2015), although a high obliq-
uity is not necessarily ruled out. We therefore conclude
that there is currently no clear evidence for spin–orbit
misalignments unrelated to dynamical orbital evolution
from the available obliquity constraints on stars with
multiple transiting planets.
Obliquity measurements for a larger number of indi-
vidual multi-transiting systems will serve as a bench-
mark for untangling the origin of high obliquities. This
is particularly important for hot stars like KOI-89, given
the statistical evidence that high obliquities may be the
norm among stars hotter than ≈ 6000 K, not only for
those with hot Jupiters (Schlaufman 2010; Winn et al.
2010a; Albrecht et al. 2012) but for other Kepler stars
with smaller and/or longer-period planets (Mazeh et al.
2015); although Winn et al. (2017) found otherwise and
the reason of the apparent discrepancy remains unclear.
Given that the majority of the samples in these works
are stars with single transiting planets, which may be
a part of multi-planetary systems with misaligned or-
bits (Zhu et al. 2018; He et al. 2019), these statistical
results would be less sensitive to multi-transiting sys-
tems around hot stars. Obliquity constraints in multi-
transiting systems would thus play a key role in uncover-
ing the connection between the spin–orbit misalignment
in generic Kepler systems around hot stars and dynam-
ical excitation of planetary orbits.
5.2. Masses and Radii of the KOI-89 Planets
KOI-89.02 exhibits significant TTVs (Figure 4). The
simplest explanation is that they are caused by KOI-
89.01, and we showed that this model works well if KOI-
89.01 is more massive than ∼ 20M⊕. The value is un-
usually high given its size (≈ 3R⊕): such a planet is
physically allowed, but we do not (yet) know of such
planets (Figure 7, top). This motivated us to test the
scenario in which the TTVs of KOI-89.02 are caused by
another undetected planet. We found that this model
also explains TTVs well for more “natural” masses for
the two transiting planets (Figure 7, bottom) — at the
cost of increasing the model complexity to a level that
is not justified by the data. It is in principle possi-
ble to quantify which model is favored from a Bayesian
perspective, but the results would hardly be convincing
given the lack of our current knowledge on the possible
mass–radius relation, and on the plausible properties of
the third planet conditioned on the properties of the star
and two transiting planets.
Nevertheless, we feel that the two-planet solution with
a massive KOI-89.01 is worth some discussion in light
of recent observations that found planets with similar
properties (i.e., prior knowledge that assigns more plau-
sibility to a model involving a dense sub-Neptune). For
example, Armstrong et al. (2020) reported the discov-
ery of TOI-849b from the Transiting Exoplanet Sur-
vey Satellite (TESS) data. It is an ultra-short-period
(0.765524 days) planet with a mass of 39.1+2.7−2.6M⊕ and
a radius of 3.44+0.16−0.12R⊕. The mass and radius indicate
that the gaseous envelope, if any, should be very thin
and Armstrong et al. (2020) argued that KOI-849b may
be the remnant core of a former giant planet. As shown
in the top panel of Figure 7, the mass and radius of
KOI-89.01 as inferred from the two-planet model is sim-
ilar to TOI-849b, and imply that mass fraction of the
gaseous envelope should be a few percent or less. If the
two-planet model is correct, KOI-89.01, with an orbital
period of 85 days, would suggest that such a massive core
without a thick envelope can form further away from the
star where the effect of photoevaporation is less signif-
icant. This poses a theoretical challenge similar to the
one posed by super Earths: why would such a planet
not grow into a gas giant? This property is even more
puzzling in the presence of the outer less massive KOI-
89.02 with a thicker atmosphere (as simply implied by
its larger radius), whose core would have had a longer
formation timescale than the inner KOI-89.01, all else
being equal. Such a large contrast in the mean densi-
ties has been observed in the Kepler-36 system (Carter
et al. 2012) and has been explained by photoevaporation
(e.g., Lopez & Fortney 2013), but the planets of KOI-89
are much further away from the star where this expla-
nation would not work. This might then suggest that
accretion onto planetary cores significantly depends on
the surrounding environment.
Another implication of the two-planet solution is
that such dense, (sub-)Neptune-sized planets may be
abundant on orbits wider than have been probed with
Doppler surveys to date. If so, Doppler follow-up ob-
servations of relatively long-period transiting Neptune-
sized planets orbiting bright stars from K2 or TESS
would reveal more such planets. HD 95338 b (Dı´az et al.
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2020), a planet with 42.4+2.2−2.1M⊕ and 3.89
+0.19
−0.20R⊕ (Fig-
ure 7, top) on a 55-day period orbit around a bright K
dwarf observed by K2, may be such an example.
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APPENDIX
A. LIGHT-CURVE ANALYSIS
A.1. Modeling of the Stacked Transit Light Curves
with a Normal Transit Model
Here we present modeling of the stacked transit light
curves as processed in Section 3.1 using the model for
a quadratically limb-darkened star (Luger et al. 2019).
We do not include the effect of gravity darkening, and
fit for orbital eccentricities without incorporating the
prior knowledge from photodynamical modeling. The
analysis here is meant to illustrate the possible range
of solutions prior to the modeling of dynamical interac-
tions.
The modeling was performed using exoplanet
(Foreman-Mackey et al. 2020) and its dependencies
(Agol et al. 2019; Astropy Collaboration et al. 2013,
2018; Kipping 2013; Luger et al. 2019; Salvatier et al.
2016; Theano Development Team 2016). The poste-
rior samples were obtained for the parameters listed in
Table 5 using the prior in the rightmost column. The
noise was modeled using the Gaussian process kernel
in Equation 2, and the light curve of each planet was
modeled individually. Table 5 summarizes the resulting
HDIs for marginal posteriors, and Figure 8 shows cor-
ner plots (Foreman-Mackey 2016) for the radius ratio,
impact parameter, and eccentricity.
For the radius ratios, we find good agreement with
the results of photodynamical modeling in Section 3 us-
ing unstacked light curves, and gravity-darkened mod-
eling of stacked light curves in Section 4 that adopted a
gravity-darkened model. On the other hand, eccentric-
ity and impact parameter are poorly constrained based
only on the shapes of the stacked light curves and the
prior on the mean stellar density, and these parameters
exhibit strong correlations as shown in Figure 8. We
note that the marginal posterior for the eccentricity of
KOI-89.02 is peaked at a high value, but lower values
are also allowed. The former is the solutions found by
Ahlers et al. (2015), and we found that the latter should
be the case from photodynamical modeling in Section
3. Such a posterior is found because the duration of
KOI-89.02 is relatively short for the given orbital pe-
riod and prior on the mean density (∼ stellar radius),
and because the durations of ingress/egress are not well
constrained by the data: here the short duration can be
explained either by a large, finely tuned b and a low e, or
a high e and a wider range of b. The latter solution has
a larger volume in the parameter space and produces
a peak in the marginal posterior for e. This example
illustrates the importance of carefully interpreting the
short-duration transits.
A.2. Central Times and Durations of Individual
Transits
We also fitted individual transits separately using
exoplanet with the same noise model. This time we
fixed e = 0 and set log-uniform prior on the mean stel-
lar density, because we are interested only in empirically
constraining mid-transit times and transit durations cal-
culated as T = (R?P/pia)
√
1− b2 (Winn 2010), so that
TTVs and TDVs can be visualized and compared to the
results of the full photodynamical modeling. Here we
also modeled the overlapping transit of the two planets
around BJDTDB = 2454833 + 912.7, so that the values
can be used to test predictions based on the other tran-
sits used for the photodynamical modeling. The result-
ing transit times and durations (medians and symmetric
68% intervals of the marginal posteriors) are shown in
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Figure 7. Radius–mass diagram of planets smaller and less massive than Jupiter (gray circles with error bars). The selection
criteria are similar to the ones in Figure 1, except that planets with masses from Hadden & Lithwick (2014) and Xie (2014) are
removed because those masses are derived using the analytic TTV formula (Lithwick et al. 2012) without taking into account
the dependence on free eccentricities. Star symbols with error bars show the estimated parameters of the KOI-89 planets, for
the two-planet (top) and three-planet (bottom) photodynamical models (see Section 3 for details). The locations of the symbols
show the maximum a posteriori values, and solid (dotted) error bars correspond to 68% (95%) highest density intervals of the
marginal posteriors. Solid, dashed, and dotted curves show theoretical radius–mass relations from Zeng et al. (2019).
16 Masuda and Tamayo
Figure 4. We emphasize again that these transit times
and durations were not used for any modeling, but are
compared with the output of the photodynamical mod-
eling in Section 3 only for an illustrative purpose.
B. CONSTRAINTS ON MUTUAL ORBITAL
INCLINATIONS IN THE TWO-PLANET
MODEL WITH LOW ECCENTRICITIES
In Section 3.3, we argued that two-body models with
low-eccentricity, highly inclined orbits are disfavored by
the lack of TDVs. Here we show how the goodness of fit
depends on the mutual orbital inclination, which in our
case is essentially the same as the orbital misalignment
in the sky plane, Ω1. We repeated the posterior sam-
pling with uniform priors on the mass ratios as in Section
3.3, separately for 18 equally-spaced intervals of Ω1. Fig-
ure 9 shows the resulting posterior samples with the log-
likelihood values (multiplied by −2 so that they analo-
gize with chi-squared), where the vertical lines indicate
the boundaries of the Ω1 intervals. As we argued in the
main text, the best solution is around Ω1 = 0
◦. Those
solutions with intermediate |Ω1| ∼ 30◦ give a bad fit be-
cause the durations of KOI-89.02 drift too much (Figure
10, top). There exist local minima around |Ω1| ∼ 90◦
because the duration variations due to nodal precession
are minimized for nearly orthogonal orbits. However, in
this case KOI-89.02 receives kicks perpendicular to its
orbit and its durations still fluctuate more than allowed
by the data (Figure 10, bottom). We note that better
solutions than shown in Figure 9 exist for most values
of Ω1 6= 0 if larger values of eccentricity are considered
for KOI-89.02. However, those solutions are disfavored
from the stability point of view, as discussed in Section
3.3.1.
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